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A p r e c i s e  solut ion is found to the p r o b l e m  of flow in the boundary  l a y e r  of  a two-d imens iona l  
turbulent  jet .  The method  of [1] is u sed  he re .  

The  flow of  an i n c o m p r e s s i b l e  f luid in the b o u n d a r y  l a y e r  of a two-d imens iona l  turbulent  je t  is de -  
s c r i b e d  by the fol lowing equat ions  and bounda ry  condi t ions :  

u~ u~,~ + P,~ = T~,~; (1) 

u~,~ = 0; (2) 

�9 ~ = - -  l ~  u~,2; (3)  

ttt [r .  = 1,  ) 

U s J r o = U l , ~ [ r . = U i ] r l = U x , ~ ! r , = 0  l" (4) 

The  s u m m a t i o n  ro le  has  been  adopted h e r e  with r e s p e c t  to the repe t i t ive  Greek  l e t t e r  s u b s c r i p t s  which 
a s s u m e  the va lues  1, 2. The  symbol  a f t e r  a c o m m a  denotes  the de r iva t ive  with r e s p e c t  to the given c o o r -  
dinate  and u~ a r e  the ve loc i ty  componen t s .  On the b a s i s  of the s i m i l a r i t y  theory ,  we a s s u m e  that  u a ,  P, 
and x~ "t lafl  a r e  funct ions  of the ra t io  77 = x~lx2 . The flow funct ion will  be sought  in the f o r m  

= x x F 01). 

Adopt ing the obvious  r u l e s  of d i f fe ren t i a t ion  

A,t = - -  A,~ ~lx]-1; A,2 = A,~ x]-' 

and cons ide r i ng  that  

ul = 9 , 3 ,  us = - -  % .  

one can r educe  s y s t e m s  (1)-(4) to a s ingle  t h i r d - o r d e r  o r d i n a r y  d i f fe ren t ia l  equat ion (a p r i m e  s ign indica tes  
a de r iva t ive  with r e s p e c t  to ~?) 

Q = [ (1 - -  ,]') ~,~, + 11 ( ~ - -  ~,)]  r "  + [(2 - -  ~ )  ~,~ , ~  

-t-~l(Ih~ 1~22--~u~;,)] F ' ' -  1 ( I + ~ I ~ ) F = 0 "  
2 (5) 

The boundary conditions (4) become 

F]==o = lqo; F'l~=o = 1; F"Ia= o = F'  [~=t = F"t~=I = 0. (6) 

Here  a = 07-~?0)/(~1-~0); a E [0; +1], while p a r a m e t e r s  ~?0 and ~?t define the loca t ion  of  bounda r i e s  F 0 and 
F 1. To condi t ions  (6) we add two o t h e r s :  

V. I. Len in  P o w e r  Inst i tute ,  Ivanovo.  T r a n s l a t e d  f r o m  I n z h e n e r n o - F i z i c h e ~ k i i  Zhurnal ,  Vol. 22, 
No. 4, pp. 725-728,  Apr i l ,  1972. Or ig ina l  a r t i c l e  submi t t ed  June 2, 1971. 

o 1974 Consultants Bureau, a division of  Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 10011. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $15.00. 

504 



p 

o, ozo 

o,o/5 

o, om 

o, oes 

o, oo, l 

U 
8 I 
'i 

U o 

-o, to -qo5 

f \ 

o o, o5 o/o 

Fig .  1. Func t ions  of ~ : x2/xl:  1)-P/pu02; 2) u2/u0; 3) 
u J u  0 (given: ~tl = 0.030, ~12 = t~21 = 0.014, ~22 = 0.020, 
v = 50; obta ined:  ~0 = -0 .0776 ,~1  = +0"1382,k0 = - 1 3 0 . 6 ,  
k~ = +66.51). 

F"' [~=o = ko; F"'  I~=i = ki, 

w h e r e  k0, k t a r e  c o n s t a n t s  not ye t  known. 

The  so lu t ion  to the b o u n d a r y - v a l u e  p r o b l e m s  (5)-(6) wil l  be  sought  in the f o r m  of a p o l y n o m i a l  

1 2 ,  1 1 1 1 cz ~ 
F = ~_, + q~o~ + T ~ T T -  ~ 3  + T ~3~4 + 5-  ~4~ + 6 ~ ' (7) 

whose  coe f f i c i en t s  a r e  def ined as  fol lows:  

1 
_ _  A 3  ko ,  (P-i =0o ,  % = A : ~ 1 1 - - ~ 1 o ,  q h = 0 ,  (p~= 2 

% : , [ - - 1 0 2 . ( k l - - 3 k o )  A-~-~I A, 

[ " 1  
~p~: 1 5 §  o - 2 k i ) ~ -  A, 

In th is  e a s e  the bounda ry  condi t ions  a r e  s a t i s f i e d  a u t o m a t i c a l l y  and the four  p a r a m e t e r s  rl0, rh, k0, kl 
r e m a i n  u n c o n s t r a i n e d .  

In a c c o r d a n c e  with [1], the v a l u e s  of these  p a r a m e t e r s  at  whieh the quant i ty  
N 

s= l  

b e c o m e s  m i n i m u m  will  be  c o n s i d e r e d  op t ima l .  H e r e  N is  the to ta l  n u m b e r  of con t ro l  po in t s  on the i n t e r -  
va l  [~0, ~t].  T h e i r  c o o r d i n a t e s  w e r e  ca l cu l a t ed  by  the f o r m u l a  

~(s) = ~1o 2 sN-1 01~ - -  ~]o), 
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with s denot ing the consecu t ive  n u m b e r  of a point  and Qs denot ing  the magni tude  of the e r r o r  i n c u r r e d  by 
i n se r t i ng  po lynomia l  (7) into Eq. (5) at V = ~?(s). In a c c o r d a n c e  with [3], the fol lowing va lues  were  taken 
f o r  >c~: /~1I = 0 . 0 3 ,  /~12 = 0.014, tza2 = 0.02. Equat ion (8) was  m i n i m i z e d  by the method of r a n d o m  t r a c k i n g  
[2]. On the b a s i s  of  op t imal  va lues  f o r  70,711, k0, and k 1 with the aid of e x p r e s s i o n s  

u l / u  o = F ' ;  u o j u  o = I ]F '  - -  F ;  

p.~ T n F  + n~l~ (~;2 F" +,~. P"') 

c u r v e s  have been  plot ted  as  shown in Fig.  1. They  come  c lose  to the e m p i r i c a l  c u r v e s  in [3]. 

Evident ly ,  a f u r t he r  r e f i n e m e n t  is poss ib l e  by i n c r e a s i n g  the n u m b e r  of t e r m s  in e x p r e s s i o n  (7) and 
by  changing  condi t ions  (6) to m o r e  s t r i ngen t  ones  (with t r a n s v e r s e  flow a l so  taken into account) .  

Xl, X2 

Ul,  U2 

P 

~? = x2/x 1 

r0,  FI 
~10, ~/1 
a = (~ -~o) / (~ -77o)  

= x ~ F ( ' ~ )  
2 2 2 2 

F 

~~ ~~ q h , . . - ,  q~ 

N O T A T I O N  

a re  the C a r t e s i a n  coo rd ina t e s ;  
a r e  the ve loc i ty  componen t s ;  
is the p r e s s u r e ,  r e f e r r e d  to a plane su r f ace ;  
is the d i m e n s i o n l e s s  coord ina te ;  
a r e  the inside and outs ide  b o u n d a r y  of a l aye r ;  
a r e  the i r  r e s p e c t i v e  coo rd ina t e s ;  
is the coord ina te  r e f e r r e d  to in te rva l  [0, +1]; 
is the flow function;  
a r e  the componen t s  of the t e n s o r  of turbulent  s t r e s s e s ,  r e f e r r e d  to the 
dens i ty ;  
is the power  po lynomia l  r e p r e s e n t i n g  the solut ion;  
a r e  the coef f ic ien t s  of the power  po lynomia l ;  
is the funct ional  to be min imized .  
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